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3. Johno adimires himself,
k. If John gambles, then ke will hurt himself.
1. Although John and Mary love sach other deeply, they make each other very

unhappy.

3.2 Quantifying Expressions: Quantifiers

Besides connectives, predicate logic also dea]s with quantlfymg expressions.
Consider a sentence like: T i _‘ VeEy
f) ’
Aristotle saw a senfence like fhis as 2 relationship between two predicates: in
this case between being a teacher and being friendiy. He distinguished four
different ways of linking two predicates A and B. Besides ail A are B, of
which the above is an instance, he had some A are B, aff A are not-8, and
some A are not-B. o

If you just consider properties, then this works guite nicely. Bur as soon as
you move from predicates to relations, and from simple quantification to sen-
tences in which more than one quantifying expression appears, things become
more difficult. Tt would not be easy to say what kind of relationship is ex-
pressed by sentence (22) between the relation admires and the people being
talked about:

{21} All teachers are friendly.

(22) Ewveryone admires someone.

And even if we could manage this sentence scmehow, there are always even
more complex ones, Iike (23) and (24}

(23) Everyone admires someone who admires everyone.

(24) No one admires anyone who admires everyone who admires
someone.

It would seem that we are in need of a general principle with which the role of
quantifying expressions can be analyzed.
Let us first examine sentences in which just a single predicate appears.

(25 Peter is friendly.
{26y Noone is friendly.

We translate (25) as Vi the entity which we refer 1o as p is said to possess the
property which we refer to as V. Now it would not be correct to treat {26) the
same way, using a constant 7 for the x in Vx. There simply isn't anyone called
ne one of whom we could say, trathfully or untruthfully, that he is friendly.
Expressions whose semantic functions are as different as Peter and no one
cannot be dealt with in the same way. It happens that the syntactic characteris-
tics of Peter and no oae are not entirely the same in natural language either.
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Compare, for exampte, the phrases mone of you and Peter of you, of no one
except John and Peter except Joln.

In (25) it is said of Pefer that he has a particular property. We could also
turn things around and say that t@l_e_meﬁmate.ﬁ:md@y—}&sa;imhmnjh_eg TOp-

erty of applying to Peter. This is ot the way things are done in predicate
logic, but theze are richer logical systems which work this way, which can be

an advantage in the logical analysis of ratural language (see vol. 2). It seems

more natural 1o turn things arcund in dealing with (26), since there is no one

to whom the property of being friendly is atributed, and it is thus better to say

that this sentence states something about the property friendly, namely, that it
applies (o noge of the entities to which it might in principle apply. Likewise,
in a sentence such as

(27) Someone is friendky,

we also have a statement about the property friendly, namely, thar there is at
least one among the entifies to which it might in principie apply to which it
does in fact apply. Instead of having to say the entities to which the predicates
might in principle apply, we can make things easier for ourselves by collec-

tively calling these entides ﬂ_;e_u_mmm%'{ms contains all fhe

things which we are talking about at some given point in time. The sentence
(28) Everyone is friendly.

can with this terminology be paraphrased as: every enfity in the domain of
discourse has the property friend!y. The domain is in this case all human be-
ings, or some smaller group of human beings which is fixed in the context in
which the sentence appears. Mote that the choice of domain can affeet the
truth values of sentences. It is highly probable that sentence (28) is untrue if
we include every single human being in our domatn of discourse, but there are
certainty smatler groups of human beings for whom (28} is true.

We shall introduce two new symbels into the formal languages, the wniver-
saf guantifier ¥ and the existentiad quantiffier 3. Each guantifier always ap-
pears together with a variable. This combination of a guantifier plus a vaciahle
{for example, ¥x or Iy} is conveniently also referred to as a quantifier (uni-
versal or existential). ¥x . . . means: for every entity x in the domainiwe have

;and 3x . . . means: there is at least one entity in the domain such that
s Yxeb is called the uriversal generalization of ¢, and Axgs is its existen-
Hal generalization.

We are now in a position to teanslate (28 as VxVx (or equivatendy, as
¥yVy or as WzVz, since vartables have no meaning of their own), to translate
(27} as IxVx (or as AyVy or FzVz), (26) as 7 3xVx, and evervone is un-
friendly as ¥x—Vx.

It wrns out that under this interpretation no one is friendly and evervone is
unfriendly have the same meaning, since “IxVx and ¥x—Vx are equivalent
sentences in predicate logic. Later we shall find this analysis of everyone and
someone 4 bit simplistic, but it will do for the cases we have discussed.




P.012-039

11:34

SEP-30-2013

72 Chapter Three
We will now build up the translation of (22), an example of a senfence
which contains two quantifying expressions, in several steps. We use the key
(29 Axy: x admires y.

. We replace the x in x admires y by Plaio and thus obtain a propositiona
Sfunction:  5ea ?I'l'f‘(

| 0 Plato admires y.
;- <+ This would he transtated as Apy and expresses the property of belng admired

By Plato. If we wish to say that someone has this property, this can be done by
translating

{31) Plato admires someone.
as JyApy. Replacing Plato by x in (31), we obtain the propositional function
(37} x adeires someone.

This again expresses a property, namely, that of admiring someone, and
would be translated as JyAxy. Finally, by universally quantifying this for-
mula we obtain the formala ¥xJyAxy, which says that everyone in the do-
main has the property cxpressed by (32). So ¥WxdyAxy will serve as a
translation of (22); {23) and (24} are best left until we have dealt with the no-
tion of formulas of predicate logic.

We shall first discuss how the four forms which Aristotle distinguished can
be represented by means ef guantifiers. The following can be formed with
teacher and friendly ((33) = 21k

(33)  All teachers are friendly.

(34} Some teachers are friendly.
{35) All teachers are unfriendly.
(36) Some teachers are unfriendly.

The material implication, as the readet may already suspect from what was
said when it was first introduced, is rather useful in translating (33). For if
{33) is true, then whatever Peter does for a living, we can be quite sure that
(37) is true.

{37) If Peter is a teacher, then Peter is friendly.

In (37), the if . . . then is understood to be the material implication. This can
be seen very simply. If he happens to be a teacher, then, assuming (33) to be
true, he must alse be friendly, so (37) is trze. And if he does not happen 1o
be a teacher, fhen according to the truth table, {37) must be true oo, whether
he is friendiy or not.

If, on the other hand, {33) is not rue, then there must be at least one vn-
friendly teacher, say John, and then (38) is untrue.

Predicate Logic T3

(38) If John is a teacher, then John is friendly.

It should now be clear that (33) is true just in case it is true that for every
person x, if x is a teacher, then % is friendly. This means that we now have the
following translation for {33):

(39) ¥x(Tx - Fx)

The reader should be warned at this stage that (39} would also be thue-if there

were a0 teachers at all, This does oot agree with what Aristotle had to say on

the matter, since he was of the opinion that a1 4 are B implies that there are at

least some As. He allowed ondy nonempty ‘terms’ in his syllogisms.
Sentence (34) would be translated into predicate logic as {40):

(40) Ix(Tx ~ Fx)

Translation (40} is true if and only if there is at least one person in the domain
who is a teacher and who is friendly. Some nuances seem to be lost in translat-
ing {34) like this; (34} scems to say that there are more friendly teachers than
Just one, whereas a single friendly teacher is all that is needed for (40) to be
frue, Also, as a result of the communtativity of A, (40) mw_saﬂg_as
{41}, which is the transiation of {42):

{41y An(Tx ~ Fx)
(42} Some friendly people are teachers.

It could be argued that it is unrealistic to ignore the asymmetry which is
present in natural language. But for our purposes, this translation of (34) will
do. In §3.7 we will see that it is quite possible to express the fact that there are
several friendly teachers by introducing the selation of identity, Sentences
(35) and (36) are now no problem; (36) can be readered as (43), while (35}
becomes (44).

(43) Ix(Tx AFx)
{44y ¥x(Tx — —Fx)

Sentences (45) and (46} mean the same as (35), and both can be translated
as {47y

{43) Mo tzachers are friendly.
{46) 1t is not the case that some teachers are friendly.
@ —3x(Tx A Fx)

Indeed, the precise formulation of the semantics of predicate logic is such
that (44} and {47) are equivalent. The definitions of the quantifiers are such
that ¥x ¢ always means the same as —3xg. This is reflected in the fact that
{48) and {49} have the same meaning:

(48) Eweryone is unfriendly.
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{497 No one is friendly.

This means that (47) must be equivalent to ¥x—{Tx A Fx). And according o
propositional logic, this formuia moust once again be equivalent to (44), since
“eh A i} 38 equivalent to ¢ — b

Exercise 2

Translate the following sentences into predicate logic. Preserve as much of the
structure as possible and give in each case the key and the domain of discourse.
a. Everybody loves Marion.

b. Some politicians are honest.

c. Nobody is a politician and not ambitious.

d. Tt is not the case that ail ambitious people are not honest.

e. All blond authors are clever.

f. Some best-selling authors are blind.

g. Peter is an author who has written some best-selling books.

3.3 Formulas

Certain problems arise in defining the fermulas of predicate logic which we
didn't have with propositional logic. To begin with, it is desirable that the no-
tions of senrence and of formula de not coincide. We wish to have two kinds
of formulas: those which express propositions, which may be called sen-
tences, and those which express properties or relations, which may be called
propositional functions. So we shall first give a general definition of formela
and then distinguish the sentences among them.

Another point is that it is not as obwvious which expressions are to be ac-
cepted as formulas as it was in the case of propositional logic. If A and B are
unary predicate letters, then ¥xAx, Wy(Ay — By), and Ax ~ By are clearly
the sorts of expressions which we wish to have among the formulas. But what
about ¥xAy and ¥x{Ax ~ JxBx)? One decisive factor in choosing a defini-
tion is simplicity. A simple definition makes it easier to think about formulas
in general and facilitates general statements about them. If ¢ is a formula, we
simply choose to accept Wxd and Jxe as formulas too. We shall see that the
eventuality that the variable x does not even ocecur in ¢ need not cause any
complications in the interpretation of ¥xdh and Ixgy: WAy is piven the same
interpretation as Ay, and the same applics to IxAy. In much the same way,
YxiAx A IxBx) receives the same inferpretation as ¥a{Axz ~ JyBy). We
shall see that all formulas which may be recognized as such admit of inter-
pretation. This is primarily of theoretical importance. When translating for-
mulas from natura! language into predicate logic, we shall of course strive to
keep the formnlas as easily readable as possible.

Each language L of predicate logic has its own stock of constants and predi-
cate letters. Each of the predicate letters has its own fixed arity. Besides these,
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there are also the symbols which all Janguages of predicate logic have in com-
mon: the connectives, the quantifiers ¥ and 3, and as auxiliary signs, the
brackets and an infinite supply of variables, Any given formula will, of
course, contain only z finite number of the latter, but we do pot wish to place
an upper limit on the length of formulas, and we therefore can't have any finite
upper limit to the number of variables either. Together these symibols form the
vocabulary of L. Given this vocabulary, we define the formulas of language L
as follows {compare definition 1 in §2.3):

Definition 1

() If A is an m-ary predicate letter in the vocabulary of L, and each of
t;, ..., 1, is a constant or a variable in the vocabulary of L, then
Aty, ..., t isa formula in L.

(i} I ¢ is a formula in L, then—é is too.

{iii} 1f @ and ys are formulas in L, then so are (¢ A 4, {d v ), (¢ — ), and
(gp <+ afr).

(iv) If ¢ is a formula in L and x is a variable, then ¥x¢b and Jxgh are for-
muias in L.

{¥} Only that which can be generated by the clauses (i}—{iv} in a finite num-
ber of steps is a formula in L.

Ciause (i) yields the atomic formudas. These are formulas like Bxyz, Mp, and
Apx. Formulas formed according to (iv) are called wnfversal and existential
formulas, respectively.

Just as in propositional logic, we leave off the outer brackets of formulas
and just tatk about predicate-logical formulas where it doesn't matter what
language L we are dealing with. Here too there is a characteristic construction
tree associated with each formula. Formula (51), for instance, has the con-
struction tree represented in figure (50):

{50} —Ix Iy W whzw — Ay) A AXY) (i)
TxApWaTwAzw — Ayz) A Axy) {iv, J)
Fy(We{Fwazw — Ayz} A Axyd (iv, )
Ve(AwAzw Aye) A Axy (T, ~)
Ya2(IwAzw —-my (i}
Fwazw - i.yz [iii, =}
EI\\fAzw {iw. J) Ayz (i)
Arw (i)
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(51} -~ FxIyiWz(dwnzw - Ayz) & Axy)

This tree could be added to in crder to show how the atornic formulas appear-
ing in it have been built up from predicate letters, variables, and constants, as
in figure (32):

(52) Axy (i)

A X ¥

But for cur purposes these details are unnecessary. Just as in propositonal
logic, the subformulas of a formula are those formulas which appear in its
construction tree. Formula (51) has, for example, itself, 3x3y(Vz(Iwhzw —
Ayz) A Axy), IpiVz(TwAzw — Ayz) ~ Axy), Yz(Iwhzw — Ayz) ~ Axy,
Yo(dwhAzw — Ayz), Axy, IwhAzw — Ayz, IwAzw, Azw, and Ayz as iis
subfermulas. And just as in propositional Jogic, it can be shown that the sub-
formulas of a formola < ate just these sirings of consecutive symbols taken
from ¢ which are themselves formulas.

In order to decide which formulas are to be called sentences, but also in
order to be able to interpret formulas in the first place, it is essential to be able
to say how rouch of a given formula is governed by any guantifier appearing in
it. We shall deal with tius in the next few definitions.

Defimnition 2

If Y= is a subformnla of ¢, then i is called the scope of this particular eccur-
rence of the quantifier ¥x in ¢. The same applies 1o occurrences of the
quantifier Ix.

As a first example, the scopes of the quantifiers occurring in (51) have been
summarized in (53):

{53y  Quantifier Scope

E Azw

Yz wAzw — Ayz

Iy Yz{IwAzw — Ayz) » ARy

Ix Fy(¥z(Twhzw — Ayz) A Axy)

We distinguish between different occurrences of a quantifier in definition 2
because there are formulas like (54):

{54y YwaAx A VaBx

In (34, one and the same quantifier appears more than once. The first occur-
rence of ¥x in (54) has Ax as its scope, while the second occurrence has Bx as
its scope. What this means is that the first occurrence of ¥x only governs the x
in Ax, while the second ocourrence governs the x in Ba. We shall now incor-
porate this distinction into the following general definition:

Predicate Logic 7

Definition 3

{a) An occurrence of a variable x in the formula ¢ {which is not part of a
quantifier} is said to be free in ¢ if this occurrence of x does not fall
within the scope of a quantifier ¥x or a quantifier 3% appearing in ¢.

(b} If ¥xip {or Ixyy) is a subformula of ¢ and x is free in 4, then this occur-
rence of x is said to be bound by the quantifier ¥x (or Ix).

T will be clear that either an occurrence of a variable ¥ in a formula is free or
it is bound by z quantifier ¥x or 3x,

Definition 3 is a little more complicated than may seem necessary, and this
is because we aflow formulas such as Wx{Ax_~ IxBx). In this formuta, the x
in Bx is bound by the 3x, while the x in Ax is bound by the ¥x. According to
definition 2, the x in Bx also ocqurs within the scope of the ¥x. But this oceur-
rence of x is not bound by the ¥x, because it is not free in Ax » JxBx, the
scope of W'z, which is what clavse (b) of definition 3 requires, In practice we
will tend to avoid situations in which bound variables occur within the scope
of quantifiers with the same variable, but definition 1 does not exclude them.
The fanoy thing about the other strange formula we have mentioned, ¥xAy, is
that the quantifier ¥x does not bind any variables at alt. These kinds of for-
mulas we shall tend to avoid as well, but definition | does not exclude them
cither.

Now we can define what we mean by senrence in predicate logic:
Definition 4
A senfence is a formula in L which lacks free variables.

WxAy is not a sentence, for example, because the occurrence of the variable

yis free; ¥afAx » JxBx) is a sentence, but Ax » IxBx is not, since the first
oceurrence of X is free,

Exercise 3
For each of the following formulas of the predicate calculus, indicate:
(2 whether it is a negation, a conjunction, a disjunction, an implication, a
universal formula, or an existential formula,
{b} the scope of the quantifiers;
{c} the free variables;
{d) whetler it is a sentence.
(i) Ix{Axy » Bx) (vii} Bx — {(O¥y(nAxy v Bx) = Cy)
(i) FxAxy A Bx (viii) 3x(Axy v By)
(iii} IxIyAxy — Bx (ix) JxAxx v AyBy
{i¥) Ix(AyAxy — Bx) {x) Fx{IvAxy v By)
{¥) ~13xIyAxy — Bx (xi} ¥a¥y({Axy » By) - IwCxw)
{vi) ¥ IdyAxy (xit}  Val¥yAyx — By)
' (xifl) Yx¥yAyy — Bx

vaL
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As we have mentioned, a formula with free variables is called a propositional
@I_‘imi. If we take the formula Tx — Fx with its one free variable x and
‘replace x with the constant j, then we obtain a sentence, namely, Tj — Fj. S0

Tx — Fx can indeed be seen as a function: it has as its domain the constants of

the Janguage L which we are working in, and the sentences in L as its range. If

c is 4 constant, then the value of the propositional function Tx — Fx with ¢ as

its argument is the sentence Tc — Fe. Anatogously, the function cortespond-

ing to a formula with two free variables is binary. For example, formula {55),

the translation of ¥ admires all those whom x adwmires, has sentence (56} as its

value when fed the arguments p and f:

(35) Vz{Axz — Ayz)
(56) Vz{Apz — Ajz)

This is the translation of Jofin admires ol those whom Peter admires. The
following notation is often useful in this connection. If ¢ is a formula, ¢ is a
constant, and x is a variable, then [c/x]¢ is the formula which results whea all
free occurrences of x in ¢ are replaced with occurrences of ¢. The examples
given it table (57) should make this clear. The formulas [y/x)¢ and [xicld
can be defined in exactly the same way.

FxIyAxy — Bx
Yi¥yAyy - Bx

5h ¢ [efx]d
Axy Acy
AXX Acc
WxAxx ¥xAxx
Ay Ay
Acx Acc
Axx ~ IxBx Acc » JxBx
¥xBy ¥xBy

dx3yAxy — Be
YavyAyy — Be

Exercise 4

The guantifier depth of a predicate-logicat formula is the maximal length of a
‘nest’ of quantifiers G\ x( . . . (Qu¥(. . . (Qu2{. . . occurring i it. E.g., both
Ix¥yRay and Ix(VyRxy ~ Fz8xz) have quantifier depth 2. Give a precise
definition of this notion using the inductive definition of formulas.

3.4 Some more guantifying expressions and their translations

Besides the expressions everyone, someone, all, some, no one, and no which
we have discussed, there are a few other quantifying expressions which it is
refatively simple to translate into predicate logic. To begin with, every and
‘each can be treated as aff, while 4 few and one or more and a rumber of can

Predicate Logic 79

be treated as some, In addition, translations can also be given for everything,
something, and nothing. Here are a few examples:

{58) Ewverything is subject to decay,
Translation: ¥x¥x.

Key: ¥Wx: x is subject to decay.
Domain: everything on earth,

(59  John gave something to Peter.
Translation: Ix(Tx ~ Gjxp).
Key: Tx: x is a thing; Gxyz: x gave y 1o .
Domain: people and things.

The translation of (39} is perhaps a bit more complicated than seems neces-
sary, with a domain containing both people and things, however, IxGjxp
would translate back into English as: Johr gave Peter someone or something.
We say that the quantifier 3x is restricred o T in Ix(Tx A Gjxp). Suppese we
wish to translate a sentence like

(60 Everyone gave Peter something.

Then these problems are even more pressing. This cannot as it is be translated
as WyIx(Tx A Gyxp}. since this would mean: everyone and everything gave
Peter one or more things. The quantifier ¥y will have to be restricted too, in
this case to P {key: Px: x is a person). We then obtain:

(61)  Vy(Py - AT ~ Gyxp))

When restricted to A, a quantifier 3x becomes Ix(Ax A; and a quantifier ¥x
becomes Wx{Ax —. The reasons for this were explained in the discussion of
alf and some. Sentence (61) also serves as a translation of:

(62} All people gave Peter one or more things.
Here is an example with nothing:
(63) John gave Peter nothing.

Sentence (63) can be seen as the negation of (59) and can thus be translated as
—3u(Tx A Gixp).
The existential guantifier is especially well suited 2s a transkation of a{x) in
English.
{64} John gave Peter a book.

Sentence (64), for example, can be translated as Ix(Bx A Gjxp); Bx: xis a
book, being added to the key. This shows that Ix(Tx A Gjxp) can also func-
tion as a translation of

(65} John gave Peter a thing,
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This means that the sentence John gave Peter a book is true just in case Jofin
gave Peter one or more books 5. In John gave Peter @ book, thens is 4 strong
suggestion that exactly one book changed hands, but the corresponding sug-
gestion is entirely absent in sentences (66) and (67), for example.

(66) Do you have a pen?
{67) He has a friend who can manage that.

We conclude that semantically speaking, the existential quantifier is a suitable
tramslation for the indefinite article. Note that there is a usage in which afa)
means something entirely different:

(68} A whale iz 2 mammal.

Sentence (68) means the same as Every whale is o mammal and must there-
fore be translated as ¥x(Wx — Mx), with Wx: x is a whale, Mx: x is a mam-
mal as the key and all living creatures as the domain. This is called the generic
usage of the indefinite article af#).

Not all quantifying expressions can be tramslated into predicate logic.
Quaniifying expressions like many and most are cases in point. Subordinate
clauses with who and that, on the other hand, often can. Here are some ex-
amples with who.

(69}  He who is late is to be punished.
Translation: ¥x{Lx - Px)
Key: Lx: x is late; Px: X is to be punished.
Domain: People

(70} Boys who are late are te be penished.
Translation: ¥x((Bx ~ Lx) — Bx}, or, given the equivalence
of (¢~ ) — x and ¢ —(p — ) (see exercise 5o in §2.5),
¥x(Bx — (Lx — Px}). Bx: x is a boy must be added to the key
to the translation.

The wie in {69) can without changing the meaning be replaced by someone
who, as can be seen by comparing (69) and (71):

(71) Someone who is late is to be punished.
This must, of course, not be confsed with
{72) Someone, whe is late, is to be punished.

Sentences (71) and {59) are synonymous; (71} arnd (72) are not, In {71), with
the restrictive clause who is late, the someone must be ranslated as a univer-
sal quantifier; whereas in (72), with its appositive relative clause, it must be
translated as an existential quantifier, as is more usual, Sentence (71) is thus
translated as ¥x(Lx — Px), while (72) becomes Jx(Lx ~ Px).
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Combining personal and reflexive pronouns with quantifying expressions
opens some interesting possibilities, of which the following is an example:
(73)  Everyone admires himself.
Sentence (73} can be translated as ¥xAxx if the domain contains only hu-
mans, while ¥x(Hx — Axx) is the franslation for any mixed domain.

{74) John has a cat which he speils.
Translation: 3x(Hjx A Cx A Sjx).
Key: Hxy: x has y; Cx: x is a cat; Sxy: x spoils v.
Domain: humans and animals.

(¥5)  Eweryone who visits Mew York likes it.

Translation: ¥x((Hx A Vxn) — Lxn).
Key: Hx: x is human; ¥xy: x visits y; Lxy: x likes y.
Domain: humans and cities.

{76) He who wants something badly enough will get it.

Sentence (76} is complicated by the fact that ir refers back to something,
Simply rendering something as an existential quantifter results in the Follov-
ing incorrect translation:

{F1) ¥x{(Px ~ Ig(Ty » Wxy)) — Gxy)
Key: Px: x is a person; Tx: x is a thing; Wxy: x wants y badly
enough; Gxy: x will get y.
Domain: people and things.

This translation will not do, since Gzy does not fall within the scope of Jy,
so the ¥ in Gxy is free. Changing this to {78) will not help at all:

(78)  ¥x(Px ~ Jy(Ty ~ (Wxy = Gay)))

This is because what {78) says is that for every person, there is something with
a given property, which (76) does not say at all. The solution is to change
(76) inte

(79} For all persons x and things y, if x wants ¥ badly enough then
x will get v.

This can then be transkated into predicate logic as
(80) ¥xtPx — ¥y(Ty — (Wxy — Gxy)} .

Sentences (81} and (82) are two other translations which are equivafent to (80):
(81} ¥x¥y((Px » Ty »n Wxy)— Gay)
(82) Vy(Ty — ¥x(Px — (Wxy — Gxy))
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Actually, officially we do not know yet what equivalensce means in predicate
logic; we come to that in §3.6.4. So strictly speaking, we are not yet entitled
to leave off the brackets and write (Px » Ty A Wxy) as we did in (81). We
will come to this as well. By way of conclusion, we now return to (§3) and
(84) (=(23) and (24)):

{83) Everyone admires someone who admires EVETyOne.

(84) No one admires anyone who admires everyone who admires
SOMeons.

The most natueal reading of (83) is as (85):
(85) Everyone admires at least one person who admires everyone.
The translation of {(85) is put together in the following ‘modular’ way:

¥ admires everyone: WzAyz;

x admires y, and ¥ admires everyone: Axy A¥zAyz:

there is at least one y whom x admires, and y admires everyone: y(Axy ~
WzAyz),

for each x there is at least one y whom x admires, and y admires Everyone!
¥xJyldzy A YzhAyz).

As a first step toward rendering the most natural reading of (84), we translate
the phrase v admires everyone whe admires someone as YelwAzw —+Ayz).
We then observe that (84) amounts to denying the existence of x and ¥ such
that both x admires y and y admires evervone who admires someone hold,
Thus, one suitable translation is given by formela 2 IxIy(¥z(Twazw A
Ayz) ~ Axy), which we met before as formula (51), and whose construction
tree was studied in figere (50).

Perhaps it is unnecessary to point out that these {ranslations de not pretend
to do justice to the grammatical forms of sentences. The question of the rela-
tion between grammatical and logical forms will be discussed at length in
volume 2.

Exercise 5

Translate the following sentences into predicate logic. Retain as much struc-
ture a5 possible and in each case give the key and the domain.

(i1 Everything is bitter or sweet.

{1i) Either everything is bitter or everything is sweet.

(iii) A whale is 2 mammal.

{v) Thecdore is a whale.

{v) Mary Ann has a new bicycle.

{(vi)  This man owns a big car.

{vif}  Everybody loves somebody.

(viii) There is somebody who is loved by everyone.
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{ix}  Elsie did not get anything from Charles.

(x) Lyns: gets some present from John, but she doesn't get anything from
Peter.

(xi) Somebody stole or borrowed Mary™s new bike.

i} You have eaten all my cookies.

(ziti) Nobody is loved by no one.

(ziv)  If all logicians are smart, then Alfred is smart too.

(x¥}  Some men and women are not mature.

{xvi) Barking dogs don't bite.

(xvii} If John owns a dog, he has never shown it to anyone.

(xviti) Harry has a beautiful wife, but she hates hir.

(xix)  Nobody lives in Utk who wasn't born there.

(xx)  John borrowed a book from Peter but hasn't given it back to him.

{(xxi} Some people are nice to their bosses even though they are offended
by them.

(xxii) Someone who promises something to somebody should do it.

(xxiu} People who live in Amherst or close by own a car.

(xxiv} If yon see anyone, you should give no letter to her.

{xx¥) If Pedro owns donkeys, he beats them.

(xxvi) Someone who owns no car dees own a motorbike.

(xxvii) I someone who cannot make a move has lost, then I have lost.

(xxviii) Someone has borrowed & motorbike and is riding it.

{xxix) Someone has borrowed a motorbike from somebaedy and didr’t reurn
it to her.

(xxz)  If someone is noisy, everybody is annoved.

(xxxi} If someone is noisy, everybody is annoyed at him.

Exercise 6 ¢

In natural language there seem to be linguistic restrictions on how deeply in-
side subordinate expressions a quantifier can bind. Let us call a formula
shalfow if no quantifier fn it binds free variables oecurring within the scope
of more than one intervening quantifier. For instance, IxPx, 3x¥yRoy are
shallow, whereas IxVyJzRxyz is not. Which of the following formulas
are shallow or intuitively equivalent to one which is shallow?

0] Ix(VyRxy — ¥zSzx)

(ii) FxVwRxy — ¥eTexy)

(i} Ix(¥yJuRuy — ¥zSzx)

{iv} IxVy¥e(Rxy ~ Sxz)

3.5 Sets

Although it is strictly speaking not necessary, in $3.6 we shail give a set-
theoretical treatment of the semantics of predicate logic. There are two rea-



