- each othet.

5.2 Definite Descriptions

In standard predicate logic there is just one k]'nfi of expre;s:]oail 1:-1::;[11 :g?_]'ir]_ l;ﬁ':

ed to refer to some entity ot individual ]n.particula_r, an .t ne incio
u:l constant. The whole idea behind individual variabies is tha_t ¢ cl fo 1o
urcfer 1o particular individuals but can be used to refeé o \;rtluc:;? fangnge
things. In just about all of the examples of tmlm]augnji ‘i}l:na} e lang 26
into predicate logic which we have seen so far, indivi o

erved as translations of proper names. Proper names are EXpr o i o
f-efer to particular individual things, but fortunately they are not A
pressions which can be used for this purpose. If they were, it wou

H - ' f
¥ i W [I e1lr 1ames. H.O[hﬂf a!f' :
Slble v talk E.bDL]l pf: plt: Wbthmll kﬂﬂ lng 1 ﬁ. w L1

referring to a particular individual or thing is by means of
(-4
{13 The queen of the Metherlands

(2} The first man on the moon

T
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(3} Elvis Presley's mother

{4)  Ronald Reagan's ranch

Expressions like these are calied definite descriptions, With the exception of
{4), each of the examples comprises a predicate expression, which may be
compaosite, and a definite article, And the possessive Ronald Reagan's in (4)
can be seen as a composite definite article. The predicates in the examples
have been chosen so that we can be reasonably sure that there is just one indi-
vidual who sarisfies them, and these are then the unigue individuals to whom
the definite descriptions refer,

So far we have just used individual constants as the formal translations of
definite descriptions, But the translations become more true if we introduce
a special cotation For them which” does justice to the Fact that they are conm-
posite expressions. For this purpose we now introduce the iota operator 1(an
upside-down Greek iota) which, like the existential and universal quantifiers,
always comes with a variable and is always followed by a propositional func-
tion which is its scope. Thas it appears in expressions like wFx, 1xGxy, and
{Fx A Gxa). We cali such expressions descriptions, Erescriptions are com-
plex terms, since while a quantifier followed by a propesitional function is
a sentence or another propositional function, the icta operator followed by
4 propositional function is always a term, an expression which can appear
among the arguments of an a-ary predicate fust [ike an individual constant or
viriable. So we obtain formulas like:

- {3 RO The queen of the Metherlands is
riding a bicycle.
{8) b=wQx Bealrix is the queen of the

Metherlands.
(7 1y = xHx
&  ¥aDx — Lix, wQy)
(9w =1x8x, wQn

The queen is the head of state.
Every Butchman loves the queen.

Willem-Alexander is the queen’s
SOR.

Although it is strictly speaking unnecessary, we shali on occasion add extra
brackets and separate the arguments of relations by means of commas, thus
making the formulas more readabie. Note also that in these examples the ex-
peession gueen of the Netherlards, among others, has been rendered as a
unary predicate, We could, of course, preserve more structure by translating
{3), for exampie, as R(wQix, n}).

In order to incorporate the descriptions formed with the iota operator nia
the fanguage of predicate logic, we must expand the definition of the formuias
of predicate logic (definition 1 in §3.3) 10 a simuftaneons inductive definition
Sfboth terms and formulas. We have to define both together because formulas

i y T
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150 Chapter Five

can now be among the parts from which a term.is built up, and vice versa.

Here are the clauses which must be added in order to achieve this:

(a) If @ is an individual constant or vartable in L, then o is a teem in L.
(b} If b is a formula in L and % is a variable, then e isatermin L.

The clause giving the atomic formulas is then:

§iy  if Ais an m-ary predicate letter {v = 1Jand ¢, . . . ¢, are teems in L, then
Af .. .1, isa formwlain L.

Clauses (ii)—{iv) for connectives and quantifiers do not need medification.
Only the final clause still needs to be adapted:

(v} Only that which can be generated by clauses (i}—{iv] in a finite number
of steps is a formula or term in L.

The syntactic innovation obtained by introducing the iofa operalor into the
language of predicate logic is not sufficient. We also have to adjust the seman-
tics to fit, saying how the new descriptions are to be interpreted. Here we use
the approach to interpretation given as B in §3.6.3, which makes use of as-
signments. We now join definition 8, which interprets terms, with definition 9,
the truth definition, thus obtaining a new definition that simultanecusly inter-
prets both terms and formulas of the language for predicate logic with descrip-
tions. In order ko interpret descriptions we add the following new clause:

(1) |I'Imi:-]]1.h.|g is the umque mdnudual d € D such that
Vigualh) = e e

We must link the definifions interpreting terms with those interpreting for-
mwlas in this way because the interpretation of any term is now dependent on
the interpretations of the formulas appearing in it {and vice versa). The prob-
lem with (10}, however, is that [[1:1-;*;]]M . 18 ot defined if there isn't exactly one
individual satisfying <. If thereTs no siich individual, or if there are too many,
then { 10} does not say how 1x¢ should be interpreted. As examples of descrip-
tions where this goes wrong in the real world, we have (11} and {12}. Example
(13} is a well-known example due to Russell.

{11} Cueen Bealrix’s brother
(12} Queen Bealrix’s daughter
{13} the king of France

The fact that these descriptions are undefined also transfers to some sentences
in which they appear. Sentence {14), for example, is neither true noc false:

(14} The king of France is bald.

To put this formally, if there is no unigue individual that satisfies ¢, then not
oty [rxdly o but also ¥y, (Flixd)) is undefined, which means that the for-
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mula F{1x¢b} is neither tre nor false. But this is not allowed by the fuadamen-
tal principle of bivalence, which requires every formula to be either true or
false. There are various ways this problem can be dealt with, and we shall
only discuss here the sofutions given by Frege and Russell. They have in com-
mon that they both strive to matntain the principle of bivalence. In this their
approach differs from that taken in many-valued logic, whete more teath val-

ues are considered than just #rae and fafse. We shall retuen to this approach
later in this section, and at greater length in $3.5. which is devoted to any-

valued logic,

Frege saw as a shertcoming of natural language the occuerrence of definite
descriptions which do not denote some unique thing. A properly constructed
logical language, he thought, should always provide some unigue descriptum,
One way of doing this is to include a special nil enriry in the domain, which is
then by convention taken to be the entity denoted by descriptions which fail to
satisfy the existential requirement or the requirement of unicity. The same
thing is done in mathematics, where, lor example, O is taken as the value of
xH) it it is desired that x/y always be defined. It is clear that Frege's solution is
purely formal and not very intuitive. But it does solve the technical difficulties.

if d,, 13 the special nil individual, then ihe clause-interpreting descriptions
can be as Follows:

{15} ey 2 isthewnigue individual d € D such that ¥, el =1
if there is any such thing; otherwise it is the nil individual d,.

Given (£5). the interpretation of des::rlptl:}ns is defined under alf circum-

stances. And if we make sure that/d, does not belong to the interpretation of*
any normal predicates such as bafd jthen sentence (14} is false,

ing of natural larguage is seen as the root of the problem. Russefl’s solution is
known as his theory of descriptions and was first presented in his article "“On
Denoting™ (1905). The approach is in line with the misteading form thesis,
according o which the grammatical form of sentences sometimes does not
reflect their ‘real” logical form and is as a result misleading {see also §1.5.1).
This thesis has played a promivent role in analytic philesophy, To get past the
superficial grammatical form of sentences and reveal their underlying logical
form was taken to be an important task for philosophy, and Russeil's theory of
descriptions is a textbook example of an attempt to do this.

In analyzing definite descriptions as descriptions formed by means of the
iota operator, we have assumed that definite descriptions and proper names
have the same syntactic function. Sentences bike (163 and (17) would seem w
suggest that this is reasonable enough:

{i6) DBeatrix is riding a bicycle,
{17} The queen of the Netherlands is riding a bicycle.

The solution given by Rusself bhas in common with that pmpnsed by Frcgﬁ
not ¢nly that the principle of bivalence is maintained but also that a shortcom-
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162 Chapter Five

Beth the proper name Beatrix and the definite description whe gueen of the
Netherfands seem to fit the role of the subject of the predicate is riding a bi-
cyele, This is where Russell would interrupt, saying that the grammatical
Form of these two sentences is misleading. Definite descriptions should not be
considered normal subjects any more than quantified expressions like every-
one and 1o one. The problems with definite descriptions result from our mis-
taking their misleading grammatical form for their logical form.

Russell's theory of descriptions provides us with a method for translating
formulas containing the iota operater into formulas containing only the familiar
quantifiers of standard predicate logic. This method uses comiexinal definitions.
We cannot give a gencrai definition of the iota operator and the descriptions
formed with it (which would be an explicit definition). But for any given for-
mula containing a description, that is, in any particular context, we can give
an equivalent formula in which the iota operator is replaced by the normal
quantifiers. The elimination of the iota operator means that the principle of
bivalence can be maintained. According to Russell, a sentence like (17) SA¥S
that there is an individual x who has the following three propetties:

(i} xis queen of the Netherlands: Qx;

{ii} there is no individual y besides x that has the property of being queen of
the Metherlands: ¥y(Qy — y = x); and

(i) x isriding a bicyele: Rax.

This means that sententce ([7) can be translated as the following formula; it
may seem 2 bit complicated but ts in standard predicate logic:

(18} InfQn s Vo(Qy =y = 1) A Rx)
Or equivalently and a liwle more simply;
(1%)  Ix(¥yQy — ¥y = 1) A Rx)

In general, the above means that every formula of the form GéaxFx) can be
reduced 1o a formula in standard predicate logic by means of the following
definition:

Defnition 1
GimFR) =g Iy (Fy <+ v = x) A Gx)

As we have said, this is a contextual definition of descriptions. The iota
operator cannot be given an explicit definition in predicate logic. Note also
that definition | can be made more general, since as it stands i can only be
used if the propositional function in the descriprion is an atomic formula with
a unary predicate and if the context is such thar description itself appears as
the argument of a unary pradl-cate The chvious general formulation of defini-
tion 1 will be omitted here.

Sentences like (14), with descriptions which Fail to satisfy the existential
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requirement or which fail to satisfy the requirement of unicity, are simply

falsey as was the case in Frege’s analysis. If the Netherkands were not a monar-

chy or simply did not have a monarch, then {19), the translation of (17},
would be false. This is the strength of Russeli’s theory, bul according to some,
like Strawson (1950), it is also its weakness. According to Strawson's analy-
5is, the existence of exactly one individual having the property of being queen
of the Netheriands | s ot siered when sentence (17) is uttered; it is presup-
posed. And if this presupposition is not satisfied, then we cannot say that a
proposition is being expressed which is either true or false. We shall not al-
ternpt to say who was right, Strawson or Russell. bore important for our pur-
poses here are some of the implications of Strawsons position from a logical
point of view. Russell's treatment of definite descriptions leaves standard
predicate logic untouched, but Strawson’s approach would seem 1o challenge
the principle of bivalence. In $5.5 we shall see some of the attempts o give
Strawson’s position a logical basis by means of a system of many-valued loaic.

Any theory of definite descriptions has to give some account of negative
expressions containing definite descriptions like the foliowing:

{207 The queen of the Netherlands is nof riding a bicycle.
(211 The king of France is nog bald.

For Strawson, the question is quite simple: (hese sentences presuppose the
existence of a unigue queen of the Netherlands and a unique king of France,
Just as-do the positive scaterices we started with, and staie that the former is
not tiding a bicycle and the later is not bald.

Russell's theory is & little more subtle. Superficially one might think that
sentence {21 is just the nepgation of sentence (14}, so that it must be true under
any circumstances under which (147 is false. According to Russell, it is not so
simple. He takes a sentence ke (21) as ambiguous, with one reading in which
it is true and another in which. like (14}, it is false. The reading in which it is
true can be parsphrased as: it is not the case that there is a unigue individoal
who is king of France and who is bald. Formula (22) corresponds to this read-
ing. The reading in which (217 is false can be paraphrased as: there is a unique
individual who is king of France and is not bald. Coreesponding 1o this read-
ing we have formula (23) (Kx: x is king of France; Bx: x is bald).

(227 1 Iui¥yKy v = x} A Bx)
123 dAx(¥y(Ky — ¥ = x] A —Bx)

Both of these standard predicate-logical formulas can be obtained from the
representation of (21) by means of the iota operator: TB{1xKx). The first is
obtained by applying definition 1 to B{1xKx) in the formula 2B{wKx). This
gives the negation operator — wide scope over the quantifiers, as is apparent
from (22). Fermula {23) is obtained by applying definition | to the formula
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TB(Kx) iiself. In this case the quantifiers have wide scope. In Russell’s own
terminoiogy, {23) represents the reading of (21} in which the definite descrip-
ton has a primary occurrence, and (22} represents the reading in which the
definite description has a secondary ocourrence.

In Frege's approach, a sentence like (21} is most naturally given just the
reading in which it is untrue. But even if descriptions are given a Fregean
interpretation, it is still possible to translate them into the normal quantifiers
by means of a confextual definition. And if this is done, then an ambiguity
arises which is similar to the one we saw with Russell. The advantage which
Russell’s theory has over Frege's theory is that it does not need any ail entity,
Frege's theory, on the other hand, enables definite descriptions to be inter-
preted as such, We have mentioned that Russall’s theory of descriptions is in-
spired by the idea that grammatical form is often misleading. From a syntactic
point of view, definite descriptions would seem o be able 1o play the same
role as proper names; they would seem o be independent entities. But appar-
ently this is not true from a logical point of view. The fact that descriptions
only admit of a contextual definition shows that, at icast as far as their lngical
form is concerned, definite descriptions are not independent entities. There is
no logical expression corresponding fo the description #he queen of the Nethi-
erlands. In this way, descriptions resemble (other) quantified terms like every
tai, some men, and alf men. The fogical form of expressions like this can
only be given relative 1o the coniexis, the whole sentences, in which they ap-
pear. Like the logical analysis of universaily and existentially quantified sen-
tences, Russell’s theory of descriptions would seem to support the idea that
there is a findamental difference between the grammatical, that is, the surface
syntactic form of sentences, and their logical form. It is an idea which has
been extremely influential,

ote that all the talk here about ‘logicat expressions’ and “logical form” is
really just about expressions in standard predicate logic and standard predi-
cate-logical form. And our conclusion that there is an essential difference be-
tween grammatical form and logical form must be read with this restriction iR
mind. Descriptions and quantifiers may not be independent unils from the per-
spective of predicate logic, but that is not to say that there are no logicai Sy3-
tems in which they are independent units. We shali show in volume 2 that bath
definite descriptions and {other) quantified expressions can be translated into
the formal language if we consider a richer logical language than that of stan-
dard predicate logic (namely, higher-order logic with lambda abstraction), so
that they can be interpreted as independent units. And in that way descriptions
and guantified expressions can also be placed in the same logical calegory, so
that the grammatical form which Russell considered so misleading can, as far
as logical form is concerned, be rehabilitated. These results have argued
against the influential idea that there is a fundamental distinction between
grammatical and logical form.

A . ————
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