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EXERCISE 55. Show (nat the faliowing will be evalusted as tree givea any imterpretation of the
seqience constants. Warming: the question is about whal semantic values tl\éfm expressions will have.
If vou want (o make use of some prodf or derivalian system yowve leamed (ar sentential logie. that
m:-\y be acueptable. but only if you also gaplain what refevance provability irl that system has to l]‘ll:" 3
guestion that was explienly asked. Another strategy is 1o angwer these questions using argumenls like
3 ou uged 10 BNEWEr Exercise 3

2 IPQ) R A
B FL(P@)
¢ WPZQIZPATF

Thes last semienes 15 an jnstance of what's known as Peiree's Law. fimay Took ugly butin fact marha

an unporint dyviding fine berween classieal logie and some weaker Jo2i8s. IR some ways mare q-{m Ale 7 s Fmp ‘ﬁ
rtant than =P = Por P P
impertant than == art SO'H hw‘ﬁ &‘-‘ﬂ‘ﬂ_ ‘S--S a.

55. Each af these selutiens is of the same general shape. We
want to prove that given any interpretation of the sentence
constants, the oxpression in question will be evaluated ax troe.
5o our goal for each expression will be to "reduce” it Lo a

! specification of the interpretation of its atoms, and than to
show that this apecification will be met by any interpretation.

4. Let I and @ be arbitrary sentence constants. We have

astablished that 5V_I(‘phivwee\psi) = 1% 1ff v_I(\phi) =1 eor
V_I{\st.) = l%. S0 (P\hor=zeshoae Q)\vee[Q\horseshoe P} is true
iff §V_I¢P\harzeshee Q) = 1 or V_I{Q\horseshoe P) = 15. By the
definition of implication and the asscciativity of disjuncticn

in our metalanguage, it follows that this sentence ia erue if
ene of the following disjuncts is satisfied: $V_I(P) = 0 or
V_I{Q) =1 or V_I(P) = 1 or V_I{Q) = 0%, Bny interpration of P
and Q will satizfy a% least two (actually, sxactly two) of these
disjuncts.

Homgwork Exercige 55

{a) Take an arbitrary interpretaction $IS. Assume that SV_I((P
\rightarrow Q) \vee (0 \rightaryow P))}=0%. Thizs impliss that it iz not
the case that (SV_I(P \rightarrow Q)=1% or 3V_I(Q \rightarrow B)ml%),
i.e. it i5 not the case that 3V _If® \rightarrow Q)=15 and 1t i3 nes:
the sa=e that $V_I(Q ‘rightarrew P}=153. The former implies that $V_I(P
\rightarrow Q)=0% and tha latter that SV_I(C \rvightarzow PY=0%. Now,
FV_I(P \rightarrow Q)}=05 implies that 1t is not the case that
(FV_I(P)=0F or $V_I(Q)=1%). That is, it is not the cagse that
§V_I(P)=0% and it iz not the dase that $v_I(Q)=15, i.a. SV_I(Pj=1% and
§V_I1(Q)=05. SV_I(Q \rightarrow P)=0% implis= that it is not the case
that (§V_I(Q)}=0% or $V_I{P}=15). That i%, it is= not ths case that

, SV_I{Q)=05 and it is pot the case that $V_I(P)wl3, i.m, 5V _I{Q)=15 and

| SV_I{F)=05. Putting things together, we have that &V_I(F)=15 and that
FV_I{P)=05. Contradiction! Thus, SV_I({F ‘rightarraw Q) ‘\ve& (Q
\rightarrow P))=1%, and since 55 was arbitrary, we have our reszult.
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EXERCISE 36, Show that thege apg lomicallvosemanucally equinalent See the comments on Exercrie
53 above,
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Heee are 3 sample sofuhons
J}»;L Sbe

¢ 3P \horseshoe (Q Mor R)$ 15 (rue Justin case either P is false or $Q Vor &5 iz trs

(] _\l‘nr (P\hm‘seshoc R)§ is true just in case ejther FP\horseshoe QF is true or Sr’l {:h

\l}j.:ﬁ i3 true juat m case gither (P 1s false or Q1 is true) or (2 is Talse or R is true) (e
lorseshae (Q Mor RIS and $(F \horseghoe Q) Vor (P\horseshos RS :

e. V(P\horseshoe{Q\vas R))=1 iff V(P)=0 or V(Q\vae R)=1 (t.c. of
Vhorseshoe)

| ViQ\ves RY=l AEE V(Q)=1 er V(R}=l (t.c. of \‘vesm)

I S¢ this formula is evaluated 1 iff v(Q)=1,or V(R)=1l, or
V(P)=0.

V{{P\horseshos Q)\vee{F\harseshos R))=1 iff v(P\horseshoe
Q=] ar V(P\horseshee R)=1 (t-5. of \veg)

V(P\horzeshoe Q)=1 iff V(P)=0 or V(Q)=1 (t.¢. of \horseshce)

V(P\horseshoe R)el itf V(P)=D or V(R)=1 (t-¢. of \herseshoe)

50 thia whole formula iz true i£f V{P)=0, or V(Q)=1l, or
V{R)=1.

{e) Take an arbitrary interpretation $I$. Suppose that SV_I(P

\rightarrow (G \vee R))=l5. This impliges that &V _I(P)=0% or SV _I{Q
\vee Rj=15) If the former, then $V_i(F)=05 or &V_I1(Q)=1% holds, 1.e.
V_I{P \rightarrow Q)=13 holda. Thia implie= that $V_I(E' \.x;i,,ghtarrgw

@)=15 or 5V _I(P ‘\rightarrow Rj=15 holds, i.e. 3V I((P \rightarziw Q)

rrocw R))=15.) Row suppoas tha T Jeée Rj=1%. Thi=
Impliss that $V_I(Q)=1 er 3V_I(R)=1%.] Buppose that SV_I{(Q}=15. Then
SV_I(B)=05 or 5V_I(g)=15, i.e. 5v_I(F \Fightarrow Q)=15., This impllas
that SV_I(P \rightarraw Q)=1% of $V_Y(F \rightarr R)=1% holds, i.9.

S \u\'hof\ §V_I((P \rightarrow Q) \vee (P \rightarrew R})=15.]|New suppose that
@ A $V_I(R)=13. Then SV_I(P)=03 or $V_I{R)=13, i.e. $V I(® \rightarraw
! \d) O\ R)=)1&. This implies that 5V_I{F \rightarrow Q)=1% or §V_I(P
‘ \D‘Jér \rightarzow R)=1% lds, i.e. BV_I((F \rightarrow Q) \vee (P
‘ \rightarraw R))=1%. Mhus, in any case, SV_I{{P \rightarrow Q) \ves (P
L \rigntarrew Rj)=15T
Cvouh
. 41173
\M\"’\"J\ \nﬂﬂﬂ- :ﬂw suppase that SV_I({P \rightarrow Q) \wee (F \rightarrow E))=15,

hiz implies= that 3V I(P \right 0)=1% or $V_I{P \rightarrew

ﬁij_ﬂmrﬁmgﬁ'%_—mw
$V_I(9)=1§. This implies ghat $V_I(F)m0§ or {§V_I{Q)=15 or
FV_I(R)=18), S.e. $V_I(P)=0§ or 3V 1(Q \vee Rials, i.g. 3V t(p
\rightarrow (¢ \vee R))=l3./Fow Buppose that $V_I{P \rightarrow R)=1%.
Thel SV ITFT=UF or 3V_I(R)-1%. This implies that 5y I{F}=05 or
{8V_1(Q)=18 or $V_I(RK)=15), i.e. SV_I{F)=0% or $v_I(Q \vegc R)=1%, i.e
SV_I(F \rightarrow (Q \ves R))al3. Thus, in any event 5V 1¢p
\rightarrow (0 \vae Ry)=135. -

{i.e., in case either P iz false or
Iurm::s]mc R% is true, I follaws thar 5
JELE., Justin easc either P iz felse or 3 i (r
dre true Just in casc either P js false orQQ

Qs true or R is rue). $0P \horseshae
PAhorseshoe Q) Vor (P \iorsealos

‘ uc or R is true). Thus, both P
s true or Ris trye.,

Ths slbows
P> ave r E2a)v(POR)

Ty Slows
PoayvPor) EPoavk
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EXERCISE 37. $haw that these are |ogicaily/semantically equivalent. See the comments on Exereiae
55 above.

| 8. Vr{Fr 3 P).3zFz > P

I b F ovrFr va(P o Fr)

c. Yr-Fz, ~32Fz
d. ¥z{Fz A Gz). YT F% A VoGx

. 3z(Fz v Gr). 3Pt ‘ 3Gz [{ern Ape sore Stmple
Solubons $e 572

. (a) Supposc for some V, that Vy(¥x(Fx 2 P)) = 1. Then, for every
! u €D, Vagge(Fx 2 P) = 1. Therefore, for every u € D, either Ty shorns

(50€5 } Vs (Fx) = 0 or Ve (P) = 1.fAssume for some arbitrary u st
Ao® € D, Varge(Fx) = L It must then be the case that Vg (P)
LRsitr =1 ”I”;her'c‘-:fo]‘e, Vy(ZxFx o P) would = 1.[Now assume that for N (FroP) = Befeo P
ah no arbitrary w € D, Vaqge(Fx) = 1. Then Vy(IxFx D P) = 1
‘1‘1“* g because the antecedent is false on all assiznment functions.
yat
&)
0&9- Suppose for some V, that Vi(3xFx > P) = 1. Then. either This sbows Hot

Vi(3IxFx) = 0 or V,(P) = 1. Assume Vo(P) = 1. Then, by the
ﬂ__c_igfinition of 2, V,(vx(Fx > P}) = 1.[Asstme Vy(P} = 0. Then
) Vol3xFx) = 0. 8o Vy(~ IxFx) = 1. S0 V, (v¥x~Fx) = 1, And
therefore, by the definition of > V,(vx(Fx 2 P)) = 1. S — Qe pene Epplint About

Wi,

xfof E V‘FCFﬂ‘P)

(§toflech lgu Too Much (o nplesiad ad= A 5male Step ofe, pook bose,

Yesibw}* be AveRe Eﬂeplth‘f Kuoul "‘A“T'
'_._.-_AI_'_‘_._‘_K

Tl M ad Asspamedts D
e S e vty & e
o, e Tl o€ fla [ns = ortitfing
whieq we Cowe T2 e Bhs we wouldatt
y Tlese Tttt Oiie éﬂomﬁ at hos T

a. BWerall & (Fx Shorseshos PIS js e just in case $V_{M.g}(Fx \horseshoe P)§ = | for any variable assignmaent g. By definition of $horseshoes,

EV_{M, g3 Fx \horseshoe FIF = 1 just in case $V_{M.g}Fx)$ = 0or $V_{M.g} "5 = |. By definition of a madel, TV_{M,gHFx)8 = 0 just in case Lhe
Interpretation furetien of M does pat assign F to (the vardable assignment of) & in M- that is, i x i3 not inthe extengion of F under M and g, So, $urall 2
{Fx \horseshoe P is true just in case for any vimiable assignment g, either $V_{M,gHFx)% = 0 or $V_{Mgi{P)5 = I

bow equivAlere, you steuld Glrow Hatr

Tz&s \$ Tja- TEL\SIS'TM&:» out just f,o‘“c{t,\a whout

M 2 g, \F wemd speabed G fp the fhs, Tt
7

5 e s ted n vy Assg sy bt oA
| e

Rexiats x Fy \horseshoe PE 34 trie just in cise (by delinition of Phorseshoe$) either Fexistzx Fx$ = Gor P= 1P = 1 just in case IV _{Mg}M5=1.%
\exiats x Fx$ = 0 just in cast 5V _{M,e PO = 0 for every variable assipnment g $V_{M g}Fx)$ = 0 just in case the interpretation function of M docs
not assign F to (the variable aszsignment of) x in M- thalg] ih i nolmihe exiension ol IF under M and g. So, $exists x Fx \horscehoc P is true just in

) s f iable assignment g, cither 3V_{MgXFd =0 or 3V_{Mg}{F$ =1,
i cuse for any varial g £ S\M\\Aﬁ, P,Eu(b'@m lf\.wa H— P,q\.ﬁ’hz.p
fom ‘ ot Cphiedt Aboutf Your quAthheea
] 3o, the two formutag are equivalem. Om MS aﬁf o e

Youlle d!ort‘ﬂ At e r’ijwr plaee,
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EXERCISE 57.
a) sapposes per impossibile, that there = 0 mode] wnd soie varinhle as-
signument g for M osuch that, (i) Vi (Ve {Fr D )y = | o (1) Vg, (LrFa o
£)) =0 (Hencelorth I drop the A subscript for the valuation function V' in
all exercises). From (i) Vode Fe) = 1and V(P) = 0. So for soue € D, call
ot of thein a7, (iii) Vs [_3.4"’(}’7::')} =1 and Vi, (P} = 0. T g & Z(F).
so (iv) (o) € T(F), Naw. from (1) we got, for all uw € T, VirdFo o Py = 1.
Stwe o], € D in particular we got Vo (Fr 2 P) = 1. But this means that ()
either Vo, (Fa) = 0 or VorlF) = 1. but the latrer digjunet is hpossible givoy
the geeond coujnnet of (lii), so the forner disjunet must hold. This isjunet
entails [l @ Z(F). But this contradiors () T Sleins ~fag Avid CF‘T‘:"P) B drefro P.
Suppese. per inpossibile. that there s o madel M and some varinble assipu.
ment g for M such that, (i) Ve(90(F 2D P)) = 0 and (i) Vy(FaFr 2 Py = 1.
From (i) we get (iii). that either Vo(ZxFa)) = 0oy Va(F)) = 1.0 Fram (i) it
fullows that there is some o & D, eall it “¢™. such that Vo (P 5 P) =0, i,
that Vo, (F) = 1 and Vo {P) = 0. But this entails that (Y Vo (3rFry = 1l
Vo(2) = 0. (iv) is impossible given (i), T Shews g BFr>p F Wy (FeoP)
This shows that there is no model and variahle agsignment (sinee all formmlne
are closed, the resnlts proved on varinhle assigninent g hold for all varialile sy
signinents) in which the formtle under consideration ifler in truth valne el
thus shiows that the formmlae nre serunntically equriva]ent

57. In this exercisc, like in 56, we'll shew that the
=xpressions in guestion have the same truth conditions.

4. 3V_g(\forall x(Fx\horseshoe P)}=18 iff for #vary u ‘in b,
V_{g[#:=u]} (Fx\horseshea P)=1§. This, in turn, is tree just in

case for every u \in D, V_{g[x:=u]}(Fx)=0 V_{g[x:=u]}(P}=1. 1sn'k
in othey words, for every u in D, eitherﬁb \ngtin I(F} or pad -
(becauge there are ha instancea of x in F) L(F)=1. "fm \)MS’I"

S\exists wFx\horseshoe P§ is equivalent to 3$\nag\Ffarall ¥\neyg Fx
\horseshoe PS. Note that %P3 here iz not in the scope of the
quantifier or the negation under the quantifisr. This new
expreasion is true Lff for every u\in o, 5V_{g(x:=u]}{\neg
Fx)wds (equivalently by the definition of negationt V_{g{x:i=ul}

o andL(Fx)=1$) O $V_{g[X:=u]}(P}=13. In other words, far every u \in

afées q

D, either I(uj\in I(F), or I{E)=0.

These turn out net to be the same truth conditionms: tha first
expression i tzue just in cese either every entity in the
domain is not in F, or P is true. The second iz true just in
case gither every entity in the domain **ig¥% ip F, or P is
true.
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EXERCISE 58. Show that these are not guvalent,

A vr(Fr v Gz). 9o Fz vVl

Sample Seluhess de S8
R

b. Az{Fz A Gz). 3xFz A IeCx

] I = G = lc,d}.
{a, b, ¢, d}; Interpretation LT = {a, b}, {c, d}

8. (a) Domaih = o & Damain make vx(Fx v Gx)

All assignments of u to x where :
true, but none make vxFx v vxGx true.

Sepms Perdectly Adequmte.

Haee's A mobe expliat Answes.

EXERUCISE o5,

1) D= {u. v}

I(Fy = {u)

716 =)

Take an wrbitrary variable assignpment . Vo, (Fa) = 1, and henee V. (Fa) = 1
or Vi (Gr) = 1. Thus VilFr v Gy = 1, Moreover, Ve (G = 1, andd 50
Vyr () = Tor V. (Ga) = 1, Tlus Vi (Fir v Gy = 1. But this exhausts our
domain, and hewece for allo € D, Vo (FurvGa) = 1, that is, V, (Ve (FevGir)) = 1.
However, Vi {VaFa) = 0, since Voo (Fr) = 0. Parthermore, V, (YrGir) = 0, wince

V() = 00 Tlenee V(W v oGy = 0.
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EXERCISE 39, o Sider's exercise d.¥ on . 9. (Uherc’s o hint in Appendix A

T f . ' el - : 1, [ R
Exercise 4.17% Show thatit @ hasno frec \“.1!'1;\1{[{.‘3. 1hﬁn for any 1;‘1\0@:&.[ erll Hpss
C/f and varable assignpents ¢ and rtor AN, )= ARPARaY “hesis 1.

Extfzrmfsu 4.1 Hinte first nrove by induerion that for any wit @ and mode Cf\“ o
va viable assignments g and b agree on all variables with free oceurrences “esis H
-\ 4oL . i . . .
Viaddei=\Vy, stednand then use this faet ro establish the desired result (.;Pﬁ‘-“h ’1“)
A
L}

e wontd e dibheult o Ague
indutheely dRestty $e. Hrests |

ot 1 18 esy Aﬁm pduchoely dore
fgss H, el flen delux s | fpom
ot

Mete (5 & SAmpl Salubor,

Homework Exergise 59

Propositien 1: For any wEI §$ipsi§ and model $M§, If variable W ( Mq‘u_[;p
asgignments g% and 5h§ agree on all variablea with free sscurrences
in B\paig, then 5U_{M,q}(\psi)=V_{M h}{\p9i)F. ‘(Nats .

Proaf: We progeed by indugction on he complexley of 5\p3i§.

Inductive baaa: $\psi$ is composed of an n-place predicate (5PF), and
n occurrences of terms (3a_l, A 2, ..., 8 DF). Cheo== &n arbltrary
model SMZ, and variable assignments g% and $hs. By assumption, 5093
and 5hS agree on the free variables which coeus in §\paiS. Those tarma
whieh arg not free variables are genstants, and the danctation of
congtants i2 dekarmined by 3M§, which remains fixed. Thus,

sla_il iM,g}=(a_i1_{M,h}§, feor 51 \leg i \leg ng., Thus,
$v_{d,g}{\pal)=1s iff shlangle [a_l1_{¥,a}.
[2_2]_{M:g},--,l2_R)_{H,5} \rangls \in I(F)$ iff 5\langle
[a_11_{M,h}, 18_21_(H,h}, ... (a_nl_{M,h} \rangle \in I(P)§ iff
5V_{M,h}(\psi}=13.

Inductive Btep; Assume that the hypethesis holds for all farmulas .
s\chis.!r_et s”\gm = B\neq \chi$} Choose an arbitrary model $M$, and

variablE assignments 555 an suen that $g& and $hé agree on the

free variables which ocour &n §\paly. Thea SV_{M,g}({\pai)=1g iff

&V_{M,qg)(\neg \chi)=1% Lff SV_{M,g}(\chi}=0% iff SV_{M,h}(\chi)=0§ (hy
assumption) iff SV_{M,gi{\reg \ehi)=13 iff EV_{M,h}{\pFi}=1%.

Conhyued |,




OCT-10-2013  14:40 F.007-009

Co iy e

A 0 ;
S’J\‘-E/\;;Eq; S_el CS Lﬂ%@; "’( \3

Aszume that the hypothesis helds for all formulag s\enls, sS\gammag.
ILet 5\paif = f\chi \rightarrow \gamrnae,? Choose an arkitrary model 5MS,

arlable asaignments §95 and Shi. By assumption, 598 and 5hi agres
on the frae variables which occur in $\psif. Then BV_{M,g}({\pai)=18 .
itt $V_{M,g}(\chl \rightarzow \gamma)=15 iff $V_({M,qg}({\chi)=~0§ or ' (5
V_{M.g}(\gamma}=13. New, $V_{M,qg}(\chi)=05 iff $V_{M,h}(\chi)=03 (by 9 ’W\&Ee
assumption} L££ $V_{M,h}(\chi}=0s or FV_{¥;h}(\gamma)=15. And
SV_(M,gj(\gamma)=15 iff $V_{M,h}{\gamma}=l$ {by assumptien} iff _Wlfy i i
FV_{¥:h} (\chi)=0F or $V_{M,h}(\gamms)=1%5. Thus, SV_{M,g)(\ehi)=0% or

. ) o
$V_{M,g}{\gamma)=15 iff SV_{M,h}(\chi}=05 or $V_({M h}{\gamma)=15 iff A i l f-g
$V_{H:h}{\ch:i. \rightarrew \gamma)=1%5 ifr sv_m.h)ﬁpsi)-lsv /ﬁvﬁwg WS A % @2&2 mm W

hssume that the hypathesis holds fer all formulas $\chis { Let §ipsif =3 " ‘al’ﬂi e
#iforall x \ghl7.)Chooze an arkitrary model $MS, and variapia P M{ ﬁ'b\ WLM ta‘
oK

A5 Lgrme ¥g¥-and §h5. By assumptlon, 5g5 and 5hS agree on the free

variables which @ogur in $\psi%. Then FV_({M,g}(\pal)=1% iff ﬁ\‘ﬂw—"""‘ [J\ @5 kL/Q- <o \d‘f‘\,\"
\J’M“l Kn r U’X

SV_{M,g}(\ferall x \echil)§ tff for all S5 \in D, Vo {M,g_{8)"{x}}
(\ehi}=1% irf for all $& \in D, V_{M,h _{3}"(x}) (Nchi)=1§ (since, fog M &M
all 38 \in D, g {a8}*{x}$ and $h_(8)}*{%}5 agctea on the fre¢ variablesa E,A )

in $\ehl§, and we're assuming that the hypathesis holds For s\ehig)
ITF RV R, B} \forall x \chi)=15 iff $v_{M,h}{\psi)=15. This completas .
the proof, SWW

—_—

formula $\psig, if $\paiF has no Iree variables, then SV_{M,g){\pei)=

Propagition 21 Por any model $M3, variable assignm=nts 5g%, Shi, and j Wﬁ
V_{M,h}{\p=i}s.

e e
Proof: Take an arbitrary model SMS and variabls assigaments Sg§ and (J/ﬂ/@&& . a{bﬂ\ﬂ's
Fhi#. Take an arhitrary S\paif. Clearly, if S\psi% has free variakles, ' . )

then tha elaim iz (vaguously) true. Bo, assume that S\pei§ has ne free % fo
veriables. Maw, the claim that $g$ and $h§ ayree op the free vaziables s\,\cg, -

in 3\pslf ean be cxpressed like this (assuming that thare are Sps :

oocurpensas of terms in 3\vpslS, and that we can list them %a_l, (DO Mﬂd\:) <0
_2i...,3 _n8.)¢ for all Sa_ji$ in $\pai%, if %a_1i% is an ocourrance of g{_\ I"_,UL\(\‘

a free variable, then §[a_i]_{M,g}=[a_i]_{M,k}5. So, in the case that ( "V Asd M_(A
3\pal§ has no free variables, it is clear tha:t $g3 and $h$ sgree on \-\(‘ 5 0 \,\/@ emlj(

the {ree variables in $\psi§ sinece, far all $a_4i%, the antecedent of

the conditional feils to hold. Thus, by propesition 1, $v_{¥,g}(\paij= ’\, M ?_,QSM ('}D \’\AJQ Q
V_{M,3}{\p=i)$. Since $M§, $g5, Sh$ and §\p=il ware arbitragy, we have

A
W
_— eur result. _ bkﬂk\‘{d& __tﬂ)rdf-. C:'(%A-E%Q!\_ \7

(aduche Step sheutd <y, e the case WLW. ey Lmlo@ud' A e
&D@w{u[ﬁ of the SMPEL \{i,‘ﬁ_?( .

€ @;@ Al g and b tikt Agpee it foeg vgprtbles 14 K, ﬂ-%-ﬂm‘r [[7(]],44{,)/

“an C;Ev@_.mt g and I st At bt (oo Vi fbles (a Vﬂ(r
iV"‘H}MJ ” ﬂ V’“X‘UMQ,
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61, Considerz

1 (B)Fﬁ‘;ﬁl:w
B¢y

and:

(=) ¢ {[= 4 (that is, ¢ = v and o = ¢
N Egcad

Prove that (a) iff (b): and prove that () iff (). You may find thai an carlier homework alr:aqu.
ajves most of the solution 1 one of these: if s0. vou can of course cite youy work [or that zarlicr
problem without repaarting.

3-9/\:1[1\& solutens * hest part.

61. (a) Suppose I', ¢ F 1. Since I, é F 4, all models that make T apd
¢ true make ¢ true too. So for all models in which I is true, —¢
or ¥ is irue. So by the meaning of 5, 'k ¢ o 4,

Suppose I' £ ¢ 2 4. By the definition of &, all models in whicl
| I is true are models in which @ 2 % is true, By the definition
; of 2. all models in which T is true are models in which —¢ or
i 35 true. Therelore, all the modols that make I" and ¢ troe will
make 1 true, becanse if T is true (hen —¢ or i is true, and by
i supposition —¢ is false. Therefore, by tlie definition of BT, o E g

Therofore, T, ¢ ko) iR I E &b = .

; Homework Exercise 61

1) Assume that § \Gamma , \phi \models \psi%. Take an arbitrary model
$M5 and assignment $g% such that $M$ and $g% model every formula in
‘ $\Gamma$, i,.e. SV_{M.g} (\Gamma)=1%. Mow, either SV_{M,g} (\phi)=0% or
i V_{M,q9} (\phi}=1%, If the former then 5V_{M,qg} (\phi \rightarrow
| \psi)=1%, If the latter, then, by assumption, $V_{M,g} (\psi)«ls, and
B0 3V_{M,g} (\phi \rightarrow \psi)=l%. Thus in any event, §V_[M,g}
(\phi \rightarrow \psij=l$. And since 5MS and Sg% were arbitrary, we
have dur result. .

Now suppose that § \Gamma \models \phi \rightarrew \psi%. Take an
arbitrary medel $M3S and asgignment $g5 such that $V_{M,9} (\Gamma)=1%
and $V_{M,g} (\phi)=1%. Then, by assumption, 3V_{M,qg} (\phi
\rightarrow \psij=1%. Suppose that $V_{M,g} (\psi)=0S. Then we have
that $V_{M,qg} (\phi \rightarrow \psi)=0%. Contradictiont Thus,
EV_{M,qg} (\psi)fgg. And since $M$ and $g9% were drbitrary, we have our

result, TUP? ta g Slould he .
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64, How do you establish thal a set of premises doesa 't [ogically entail some result? Show that:

a. Rab )} Az Rzr
h. Rab ¥ —SzRxr

Show that:

e. J2VyRzy = vYydnlzy

but:

d. YydxRey E Jxvyfizy

These Zsdubers gretie
Pt ks (or]
64. (o} The ‘older than’ relation is a counterexample. If @ is older than (S SoMme ug{[ MmeafioA
b, then Rab, but nothing is older than itself, so =3z R .S\OPPN‘QSS’

(b) The ‘has the same name as’ relation is a counterexample. If a il d ‘p(-\_p\cgl Lot *'{W.a
has the same name as b then Rab, but it is also the case that o IEP?QE’AE ARe. Ol
has the sane name as a, and so ——JrAxx. G e ?

64,

a. Let R be such that for any x and y in the dosnaun, either Rxy or Ryx. but naver Ryx. Then Rab is trie for some 2 and Iy, bist this does not entail that §
\exists X Ruxd, (The "oldey than” relation is a counterexanzple here).

b Let B be such that for 20y X and y in the domain, either Rxy or Ryx, and Ict there be some objects that bear the R relation 10 themselves. Then Ritb is true
for some a anyf b, but this does pat entail that Sunep \exists x Rxxd. (The "vooks for' relation 1s counterexanple hare).
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. EXERCISE 64, We must exhibit o madel M und some varinhlpe assigninent
g for M that yield o valuation on which every formnia in the Prenise sel talkes
the value 1 and the formula that is the conclusion tukes the value 0. H-f/i& (5 A

a) D = {u, v N
T(R) = {{u. )} (o foftous

[H] = I((]) = ”‘ S}D!U‘la\ﬁﬂ,
[]}J = I(b) = n
Take sun arbitrary varia)le assigmuent g Frou [u], = T(o) = u and o], =

I(h) = v and Z(R) = {(no o)) it follows that {aly- By € ZOR). and lonee
V,(Rab) = 1. However, there is 1o ohject 0 € D syels that {[],. . [¥],.) € Z{R)
and henee U (o Rrr) = 0, T

b} Take the nbove model except I(R) = {{i u), {u. v} }. Tor reasons analogons 1o
trene given ahove, we get V, (Rab) = 1. However, there is an object o € P guel
that ([, ]7],.) € Z(F). namely [u] = Z{e) = u, audl Lence 1”,‘,(5;.:.'!?;:'.:.') =1, iLe,
Vo(=3elter) = 0, - -

TOTAL P.0O039



